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We study theoretically a three-mode optomechanical system where two mechanical oscillators are
independently coupled to a single cavity mode. By optimized two-tone or four-tone driving of the
cavity one can prepare the mechanical oscillators in an entangled two-mode squeezed state, even if
they start in a thermal state. The highly-pure, symmetric steady-state achieved allows the optimal
fidelity of standard continuous-variable teleportation protocols to be achieved. In contrast to other
reservoir engineering approaches to generating mechanical entanglement, only a single reservoir is
required to prepare the highly-pure entangled steady-state, greatly simplifying experimental imple-
mentation. The entanglement may be verified via a bound on the Duan inequality obtained from
the cavity output spectrum. A similar technique may be used for the preparation of a highly-pure
two-mode squeezed state of two cavity modes, coupled to a common mechanical oscillator.
PACS numbers: 03.67.Bg,42.50.Lc,85.85.+j
I. INTRODUCTION
The generation and detection of entangled states
of macroscopic mechanical oscillators is an outstand-
ing task in the study of mechanical systems in the
quantum regime [1]. There exist a number of pro-
posals for the generation of such states [2–6]. Per-
haps most promising amongst these are approaches
based on reservoir engineering [7–10], whereby the
dissipation is engineered such that the steady-state
of the dissipative dynamics is the desired target state.
These proposals are highly attractive from an ex-
perimental point-of-view, requiring relatively minor
modifications of existing experimental configurations
[11–14].
Here we propose an approach for generating
highly-pure, highly-entangled two-mode squeezed
states of two mechanical oscillators via coupling to
a driven cavity mode. The two-mode squeezed state
is the simultaneous vacuum of two non-local bosonic
operators (so-called Bogoliubov modes) [15]. Hence
it is possible to prepare a mechanical two-mode
squeezed state by cooling these two modes. This can
be achieved using two independent reservoirs (see,
e.g. Refs. 7–9). Here however, we show that the same
goal can be achieved using just a single reservoir. By
making the Bogoliubov modes non-degenerate they
will couple to different frequency components of a
single reservoir (that is, the damped cavity). Since
the Bogoliubov transformation preserves the differ-
ence in number operators, this simply corresponds
to a frequency difference of the two mechanical os-
cillators. Viewed differently, one can say that we are
exploiting the coherent dynamics of the mechanical
oscillators to effectively cool both Bogoliubov modes.
Ultimately, our protocol simply involves appropri-
ately weighted and detuned two-tone or four-tone
driving of the coupled cavity mode. Note that the
entanglement of oscillators interacting with a com-
mon reservoir has also been discussed in Ref. 16.
The approach we take here may be regarded as the
coherent feedback [17] analogue of our measurement-
based approach to the same task [5], and is related
to a recent proposal for the preparation of a quan-
tum squeezed state of a single mechanical oscillator
[18]. As compared with the measurement-based ap-
proach for entanglement generation in Ref. 5, the pu-
rity of the steady-state achieved here is greater and
the implementation is greatly simplified. Further, in
contrast to the proposal of Ref. 8, the steady-state
is a (highly-pure) two-mode squeezed state, rather
than an entangled mixed state. Therefore, using the
steady-state as an EPR channel, the optimal tele-
portation fidelity for a given amount of entanglement
can be achieved via the standard continuous-variable
teleportation protocol, without the need for addi-
tional local operations [19, 20]. In contrast to the
proposal of Ref. 9 (also described in the supplement
to Ref. 8) the two-mode squeezed state is generated
here using only one, rather than two, auxiliary cavity
modes, simplifying the experimental implementation.
Reservoir engineering has earlier been the subject
of significant theoretical study in the context of op-
tical and atomic systems [7, 21–26], culminating in
the experimental demonstration by Krauter and co-
workers of the entanglement of atomic ensembles [27].
The utility of reservoir engineering has also been
shown with two-level systems, with demonstrations
of superconducting qubit state control [28], as well
as entanglement in both trapped ion [29] and su-
perconducting [30] systems. In other work pertain-
ing to mechanical entanglement, the entanglement of
mechanical motion with a microwave field has been
demonstrated [31]. Earlier, entanglement of phonons
at the single-quantum level was demonstrated [32],
as well as the entanglement of motional degrees of
freedom of trapped ions [33].
Here, in Sec. II we introduce the multimode op-
tomechanical system that we shall study. Sec. III
describes approaches that one may take to reservoir
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2engineering in this system, while in Sec. IV we de-
scribe how these strategies could be implemented in
our system. In Sec. V we consider the adiabatic limit,
in which the cavity responds rapidly to the mechani-
cal motion, and obtain analytical expressions for the
entanglement, purity and teleportation fidelity pos-
sible with the steady-state. Sec. VI gives an analysis
of the full linearized system, including the effects of
counter-rotating terms and the possibility of instabil-
ity. In Sec. VII we derive a bound on the entangle-
ment based on the cavity output spectrum. Sec. VIII
provides an analysis of the three-mode optomechani-
cal system composed of two cavity modes coupled to
a single mechanical oscillator, and demonstrates that
the same physics can be realized in this system.
II. SYSTEM AND HAMILTONIAN
The system, see Fig. 1(a), is composed of two
mechanical oscillators, with resonance frequencies
ωa and ωb, each independently, dispersively coupled
(with strengths ga and gb, respectively) to a common
cavity mode having resonance frequency ωc. The
Hamiltonian is
Hˆ = ωaaˆ†aˆ+ ωbbˆ†bˆ+ ωccˆ†cˆ+ ga
(
aˆ+ aˆ†
)
cˆ†cˆ
+gb(bˆ+ bˆ
†)cˆ†cˆ+ Hˆdrive + Hˆdiss, (1)
where aˆ and bˆ denote mechanical mode lowering op-
erators, cˆ denotes the electromagnetic mode lowering
operator, and Hˆdrive accounts for driving of the elec-
tromagnetic mode. The term Hˆdiss accounts for dissi-
pation, with the modes subject to damping at rates
γa, γb and κ, respectively. The system dynamics,
within the usual approximations [34], are described
by the master equation:
ρ˙ = −i[Hˆ′, ρ] + γa(n¯a + 1)D[aˆ]ρ+ γan¯aD[aˆ†]ρ
+γb(n¯b + 1)D[bˆ]ρ+ γbn¯bD[bˆ†]ρ+ κD[cˆ]ρ, (2)
with the Hamiltonian Hˆ′ = Hˆ − Hˆdiss and the dissi-
pative superoperator D[sˆ]ρ = sˆρsˆ† − 12 sˆ†sˆρ− 12ρsˆ†sˆ.
III. RESERVOIR ENGINEERING
STRATEGIES
Given the two mechanical oscillator modes aˆ and bˆ,
one can introduce mechanical two-mode Bogoliubov
operators in some rotating frame,
βˆ1 = aˆ cosh r + bˆ
† sinh r, (3a)
βˆ2 = bˆ cosh r + aˆ
† sinh r. (3b)
Typically, the choice of rotating frame is set by the
resonance frequencies of the system, though here the
rotating frame shall be defined with respect to
Hˆ0 = (ωa − Ω)aˆ†aˆ+ (ωb + Ω)bˆ†bˆ+ ωccˆ†cˆ, (4)
ωc
ωa ωb
0
ω−ωc−ωa −ωb−ωm +ωa+ωm+ωb
FIG. 1: (Color online) (a) The system studied consists
of two mechanical oscillators, each coupled to a common
cavity (or circuit) mode. (b) Frequencies in this system
defined with respect to the cavity resonance frequency
ωc. The blue lines indicate the standard mechanical side-
bands, at ±ωa and ±ωb. If the single-photon optome-
chanical coupling rates (ga and gb) are equal, the re-
quired Hamiltonian (8) can be realised using only two
cavity drive detunings (±ωm), indicated by the vertical
red lines.
with the choice of Ω to be specified in Sec. IV. Note
that in this frame the collective mechanical quadra-
tures, to be defined precisely in Eqs. (26a) and (26b),
are rotating in a non-trivial manner. In particular,
Xˆ+ =
1
2
[
aˆe+i(ωa−Ω)t + aˆ†e−i(ωa−Ω)t
+bˆe+i(ωb+Ω)t + bˆ†e−i(ωb+Ω)t
]
, (5a)
Pˆ− = − i
2
[
aˆe+i(ωa−Ω)t − aˆ†e−i(ωa−Ω)t
+bˆe+i(ωb+Ω)t − bˆ†e−i(ωb+Ω)t
]
. (5b)
In any case, the two-mode squeezed state is defined
as |r〉2 = Sˆ2(r) |0, 0〉 where
Sˆ2(r) ≡ exp[r(aˆbˆ− aˆ†bˆ†)], (6)
is the two-mode squeezing operator with squeez-
ing parameter r [35]. Starting from aˆ |0, 0〉 = 0
and bˆ |0, 0〉 = 0 it is straightforward to show that
[Sˆ2(r)aˆSˆ
†
2(r)] |r〉2 = 0 and that [Sˆ2(r)bˆSˆ†2(r)] |r〉2 =
0. However, βˆ1 = Sˆ2(r)aˆSˆ
†
2(r) and βˆ2 = Sˆ2(r)bˆSˆ
†
2(r),
and therefore, the ground state of βˆ1 and βˆ2 is the
two-mode squeezed state with squeezing parameter
r. Our goal then is to engineer the driving Hamilto-
nian of (1) such that the steady-state of (2) results
in the βˆi modes being cooled to their ground state,
implying two-mode squeezing of the mechanical os-
cillators.
One method to achieve this is to use two cavity
modes to independently cool the Bogoliubov modes
[7–9]. Both Bogoliubov modes are independently
coupled to a cavity mode with a beam-splitter-like
interaction, i.e. βˆ†i cˆi + h.c. (i = 1, 2), an interaction
which can be used to cool the Bogoliubov modes [36].
While such an approach can be effective, from a prac-
tical point of view it would be highly advantageous
3if this could be achieved using only a single cavity
mode.
A seemingly simple way of using only a single
reservoir would be to couple the cavity to one of
the Bogoliubov modes, say βˆ1, and then couple
βˆ1 to the other Bogoliubov mode (βˆ2) via an all-
mechanical contribution to the Hamiltonian of the
form βˆ†1βˆ2 + h.c., again a beam-splitter-like inter-
action. This interaction will allow βˆ2 to be cooled
(by swapping quanta into βˆ1) even though it is not
directly coupled to the cooling reservoir. While con-
ceptually simple, the requisite mechanical interaction
would be difficult to realise, requiring the direct cou-
pling of the mechanical oscillators. Such a Hamil-
tonian was considered in Ref. 37, albeit without a
physical implementation specified.
A third approach, which we will pursue here, is to
couple the cavity to the sum of Bogoliubov modes,
βˆsum ≡ (βˆ1 + βˆ2)/
√
2, and then couple the sum mode
to the difference mode via an all-mechanical Hamilto-
nian contribution of the form βˆ†sumβˆdiff + h.c., where
βˆdiff ≡ (βˆ1 − βˆ2)/
√
2. Again, the swap interaction
allows βˆdiff to be cooled even though it is not di-
rectly coupled to the cavity. Cooling both βˆsum and
βˆdiff is equivalent to cooling both βˆ1 and βˆ2, since
〈βˆ†sumβˆsum〉 + 〈βˆ†diff βˆdiff〉 = 〈βˆ†1βˆ1〉 + 〈βˆ†2βˆ2〉. While
this approach again seems to involve the realiza-
tion of a challenging interaction between Bogoliubov
modes, this is not the case. The beam-splitter in-
teraction here takes the simple form: βˆ†1βˆ1 − βˆ†2βˆ2 =
aˆ†aˆ− bˆ†bˆ. Thus, one does not require a direct inter-
action between the mechanical oscillators, but rather
just a difference in their resonance frequencies. This
is the key insight that allows one to appropriately
engineer the reservoir via a single cavity mode.
As noted in Sec. I, we may take another perspec-
tive on this third approach. By introducing a fre-
quency difference between the two mechanical oscil-
lators, we are breaking the degeneracy of the Bo-
goliubov modes 1 and 2, since the Bogoliubov trans-
formation preserves the number operator difference.
Consequently, the Bogoliubov modes couple to dif-
ferent frequency components of the reservoir. Due to
the finite bandwidth of the cavity it effectively func-
tions as two independent reservoirs such that both
Bogoliubov modes are cooled.
We thus have that the desired Hamiltonian, in
terms of the Bogoliubov modes defined in Eqs. (3a)
and (3b), is
Hˆ = Ω
(
βˆ†1βˆ1 − βˆ†2βˆ2
)
+ G
[(
βˆ†1 + βˆ
†
2
)
cˆ+ h.c.
]
+Hˆdiss, (7)
where Ω is an effective oscillation frequency and G is
an effective optomechanical coupling. In terms of the
original mechanical annihilation operators, Eq. (7) is
Hˆ = Ω
(
aˆ†aˆ− bˆ†bˆ
)
+G+
[
(aˆ+ bˆ)cˆ+ h.c.
]
+G−
[
(aˆ+ bˆ)cˆ† + h.c.
]
+ Hˆdiss. (8)
The optomechanical couplings in Eqs. (7) and (8) are
related by
G ≡
√
G2− −G2+, (9a)
tanh r ≡ G+/G−, (9b)
with r being the squeezing parameter entering in the
definitions of the Bogoliubov modes in Eqs. (3a) and
(3b).
Note that if G+ = G− in Eq. (8) then we re-
cover the Hamiltonian required for a two-mode back-
action-evading measurement of the mechanical oscil-
lators [5], in which two collective mechanical quadra-
tures commute with the system Hamiltonian. For
G+ 6= G−, the back-action-evasion is lost, but now
there is a back-action that may be regarded as a
coherent feedback process. This enables two-mode
squeezing without an explicit measurement.
IV. IMPLEMENTATION
The Hamiltonian (8) is readily implemented in
conventional cavity optomechanics setups. We shall
focus on the regime |G+| < |G−| such that the
dynamics corresponding to (8) are stable. If the
single-photon optomechanical coupling rates in (1)
are equal (ga = gb) then just two cavity drives are
required to realize (8). If they are unequal (ga 6= gb)
then four cavity drives are required. Of course, if
ga ∼ gb, we can approximately realise (8) with only
two cavity drives and still generate useful entangle-
ment in the steady-state. We consider each of these
cases in turn.
A. Two-tone driving
If the single-photon optomechanical coupling rates
are equal, we require cavity driving tones at ωc±ωm,
where ωm = (ωa + ωb)/2 is the average of the two
mechanical frequencies, i.e.:
Hˆdrive =
(E∗+e+iωmt + E∗−e−iωmt) e+iωctcˆ+ h.c. (10)
This situation is depicted in Fig. 1(b). The driving
tones must be applied with a fixed relative phase.
Working in an interaction picture defined with re-
spect to the Hˆ0 = ωm(aˆ
†aˆ+bˆ†bˆ)+ωccˆ†cˆ, one finds the
effective Hamiltonian to be given by Eq. (8) where
Ω = (ωa − ωb)/2, (11)
4and the many-photon optomechanical couplings are
G± = (ga + gb)c¯±/2, (12)
with c¯± denoting the (assumed real) steady-state am-
plitudes of the fields at the driven sidebands,
c¯± ≡ 〈cˆ±〉ss = iE±±iωm − κ/2 . (13)
The details of this derivation are given in App. A.
It relies on the assumptions that we are working in
the resolved-sideband regime (ωa, ωb  κ) and that
the driving strengths E± are large. The former as-
sumption allows us to discard time-dependent con-
tributions to the Hamiltonian (8), while the latter
assumption allows us to linearize the optomechanical
interaction. Note that the ratio G+/G− shall be re-
ferred to here as the drive asymmetry since it is set
by the ratio of the cavity drives on either side of the
cavity resonance frequency.
If the single-photon optomechanical couplings are
unequal the two-tone cavity driving cannot yield the
complete matching of oscillator a and b sideband pro-
cesses required in the ideal Hamiltonian of Eq. (8).
Instead there will be additional contributions to the
Hamiltonian (8), given by
Hˆm = G
m
+
[
(aˆ− bˆ)cˆ+ h.c.
]
−Gm−
[
(aˆ† − bˆ†)cˆ+ h.c.
]
, (14)
where the effective coupling imperfections are
Gm± = ±(ga − gb)c¯±/2. (15)
In the two-tone driving case the imperfection is due
to the mismatch in the single-photon optomechanical
coupling rates.
B. Four-tone driving
The Hamiltonian (8) involves four sideband pro-
cesses; the up-conversion and down-conversion of
drive photons via the absorption (or emission) of
quanta from (or to) the mechanical oscillator a or
b. The realisation of (8) requires a balance of the
rates at which these processes take place. By using
four cavity driving tones, one tone associated with
each sideband process, the balancing of the rates of
these processes is possible even if the single-photon
optomechanical couplings are unequal (see Fig. 2).
These driving tones are applied with a detuning of Ω
from the mechanical sidebands, at ωc± (ωa−Ω) and
ωc± (ωb+ Ω), as depicted in Fig. 2. The appropriate
Hamiltonian contribution is
Hˆdrive = e
+iωctcˆ
(
E∗1+e+i(ωa−Ω)t + E∗2+e+i(ωb+Ω)t
+E∗1−e−i(ωa−Ω)t + E∗2−e−i(ωb+Ω)t
)
+ h.c.
(16)
The steady-state amplitudes at the driven sidebands
are denoted by c¯k± (k = 1, 2), with
c¯k± ≡ 〈cˆk±〉ss = iEk±±iωk − κ/2 , (17)
where we have introduced the notation for the drive
detunings
ω1 ≡ ωa − Ω, (18a)
ω2 ≡ ωb + Ω. (18b)
Then we demand that the driving strengths are
“matched”, meaning that
c¯1±
c¯2±
=
gb
ga
. (19)
That is, we require that the two steady-state am-
plitudes (i.e. drives) on the same side of the cavity
resonance frequency have an asymmetry set by the
optomechanical coupling asymmetry. With the con-
dition (19) satisfied, and working in an interaction
picture defined with respect to the Hamiltonian (4),
the system can again be described by the Hamilto-
nian (8), now with the (assumed real) many-photon
optomechanical coupling rates
G± = (gac¯1± + gbc¯2±) /2. (20)
Again, the details of the derivation are left to App. A.
Imprecision in the matching condition (19) gives ad-
ditional contributions to the Hamiltonian (8), of the
form of Eq. (14), but now with
Gm± = ± (gac¯1± − gbc¯2±) /2. (21)
In this case the effective coupling imperfection arises
from the drives not being weighted precisely accord-
ing to the condition (19).
ωc
ωa ωb
0
ω−ωc−ωa −ωb−ωm +ωa+ωm+ωb
FIG. 2: (Color online) (a) The three-mode optomechan-
ical system, as in Fig. 1, under four-tone driving. (b)
Frequencies in this system defined with respect to the
cavity resonance frequency ωc. The blue lines indicate
the standard mechanical sidebands, at ±ωa and ±ωb. If
the single-photon optomechanical coupling rates are un-
equal, the required Hamiltonian (8) can be realised using
four cavity driving frequencies, ±(ωa − Ω),±(ωb + Ω),
indicated by vertical red lines.
5The cavity drive frequencies should be set such
that Ω satisfies the following conditions:
Ω  γ, (22a)
Ω  (ωa − ωb)/2− γ. (22b)
Condition (22a) ensures that the sum and differ-
ence Bogoliubov modes are sufficiently coupled; c.f.
Eq. (7). The condition (22b) ensures that the un-
wanted sideband processes have a negligible effect on
the system dynamics. It is some times convenient to
refer to the drive frequencies via their detunings from
the centre of the two mechanical sidebands, given by
δ ≡ (ωa − ωb)/2− Ω. (23)
It is interesting to note that with the driving con-
dition c¯1+ = c¯1−, in addition to (19), we could real-
ize a two-mode back-action-evading measurement of
the mechanical oscillators irrespective of the coupling
asymmetry, and so generalize the results of Ref. 5.
V. ADIABATIC LIMIT
We first consider the dynamics of the system gov-
erned by (8) in the adiabatic limit, where the cav-
ity responds rapidly to the mechanical motion; that
is, where κ > Ω, G± (but still in the regime where
ωa, ωb  κ). In this limit we eliminate the cavity
mode, obtaining an effective description for the me-
chanical modes alone. This adiabatic limit will sim-
plify the analysis and thus provide insight into our
mechanism; it will also prove to be a useful regime
for the task of mechanical entanglement generation.
We stress that the Hamiltonian (8) applies both to
the case of equal single-photon optomechanical cou-
plings and two-tone driving, and to the case of un-
equal single-photon optomechanical couplings with
matched four-tone driving (though Ω is determined
differently in each case). Further, the imperfections
(asymmetry in couplings in the former case and mis-
match in driving conditions in the latter case) are
both described by the Hamiltonian (14).
In this adiabatic limit the cavity annihilation op-
erator is given by cˆ = −2iG(βˆ1 + βˆ2)/κ. Substituting
this into the dissipative terms of the master equation
(2), the adiabatically-eliminated master equation is
ρ˙ = −iΩ[βˆ†1βˆ1 − βˆ†2βˆ2, ρ] + γa (n¯a + 1)D[aˆ]ρ
+γan¯aD[aˆ†]ρ+ γb (n¯b + 1)D[bˆ]ρ+ γbn¯bD[bˆ†]ρ
+ΓD[βˆ1 + βˆ2]ρ, (24)
with the optomechanical damping rate,
Γ ≡ γC ≡ 4G
2
κ
, (25)
where G is the effective optomechanical coupling in-
troduced in Eq. (9a), and C is the corresponding
cooperativity parameter. Now, the steady-state of
Eq. (24) is easily obtained, and its entanglement and
purity metrics readily calculated.
In view of Eq. (24), an alternative interpretation
of the cooling of both Bogoliubov modes is possi-
ble. In the limit γ/Ω → 0, the terms containing
βˆ†1βˆ2 and βˆ
†
2βˆ1 will rapidly average away, meaning
that Eq. (24) will be equivalent to having indepen-
dent dissipation of modes βˆ1 and βˆ2. Physically this
corresponds to the dissipation of βˆ1 and βˆ2 being due
to distinct modes of the reservoir.
A. Entanglement
The case of symmetric mechanical damping
(γa, γb = γ) and symmetric thermal occupation of
the mechanical baths (n¯a, n¯b = n¯) allows simple an-
alytical results for the steady-state second moments
to be obtained. The assumption of equal thermal
occupations is reasonable for most experimental sit-
uations, while it turns out that our results are not
sensitive to unequal mechanical damping rates pro-
vided that they are both small. The simplest two-
mode, continuous-variable entanglement criterion is
provided by the Duan inequality [38]. It is expressed
in terms of collective quadrature operators, defined
by
Xˆ± = (Xˆa ± Xˆb)/
√
2, (26a)
Pˆ± = (Pˆa ± Pˆb)/
√
2, (26b)
where we have introduced the usual quadratures for
each oscillator mode,
Xˆs = (sˆ+ sˆ
†)/
√
2, Pˆs = −i(sˆ− sˆ†)/
√
2. (27)
Then the Duan criterion tells us that a Gaussian
state for which
〈Xˆ2+〉+ 〈Pˆ 2−〉 < 1 (28)
is inseparable. Note that this could equally well be
formulated in terms of Xˆ− and Pˆ+, though Eq. (28)
shall be the suitable form here.
For our system we consider the limit γ/Ω → 0,
since this ensures that the sum and difference Bogoli-
ubov modes are sufficiently coupled (or equivalently,
that the two individual Bogoliubov modes see effec-
tively independent reservoirs). For G− 6= G+, we
find for the steady-state second moments:
〈Xˆ2±〉 = 〈Pˆ 2∓〉 =
γ
γ + Γ
(n¯+ 1/2) +
Γ
γ + Γ
e∓2r
2
,
(29a)
=
γκ
γκ+ 4(G2− −G2+)
(n¯+ 1/2)
+
2(G− ∓G+)2
γκ+ 4(G2− −G2+)
. (29b)
6FIG. 3: (Color online) Entanglement, expressed via (a)
the Duan quantity (28) and (b) the logarithmic negativ-
ity, against the drive asymmetry, G+/G−. We hold G−
fixed (fixing the cooperativity C−) and vary G+. These
results correspond to the time-independent (rotating-
wave approximation) Hamiltonian (8), and apply to both
the two-tone and four-tone driving cases, with the effec-
tive couplings G± given by Eqs. (12) and (20), respec-
tively. These plots are obtained using the adiabatic limit
results of Sec. V, though they coincide with the results
for the full system obtained in Sec. VI A. The solid black
curve corresponds to a mechanical bath thermal occupa-
tion of n¯ = 0, and Gm± = 0 where G
m
± are the effective
coupling imperfections, introduced in Eqs. (14) and (21)
for the two-tone and four-tone driving cases, respectively.
The blue curve (long dashes) corresponds to n¯ = 25 and
Gm± = 0, while the red curve (short dashes) corresponds
to n¯ = 25 and Gm± = 0.5G±. Parameters common to each
curve are: C− = 1200, κ = 2pi×1.592×105 Hz = 106 s−1,
γ/κ = 4× 10−5, and Ω/κ = 0.1.
Eq. (29a) takes a particularly simple form, describing
coupling to a squeezed reservoir with an optomechan-
ical damping rate Γ. The results (29a) and (29b) are
easily checked against the solution of the full system
(i.e. without the adiabatic elimination), as discussed
in Sec. VI.
The G+ = G− limit is unclear from Eq. (29a), as it
corresponds to the limits Γ→ 0 and r → +∞. How-
ever, the result is clear from Eq. (29b), and we re-
cover the result that 〈Xˆ2+〉 = 〈Pˆ 2−〉 = n¯+1/2 (evading
the back-action) and 〈Xˆ2−〉 = 〈Pˆ 2+〉 = n¯+1/2+C±/2
(heated by the back-action) [5], where the cooper-
ativities associated with the blue and red sideband
drives alone (denoted by the subscripts “+” and “-”,
respectively), are
C± ≡ Γ±
γ
≡ 4G
2
±
γκ
. (30)
While the Duan inequality provides a simple
FIG. 4: (Color online) (a) Steady-state occupations of
the mechanical Bogoliubov modes, defined in Eqs. (3a)
and (3b), and (b) steady-state purity of the two mechan-
ical modes, defined in Eq. (33), against drive asymmetry.
The solid black curve corresponds to a mechanical bath
thermal occupation of n¯ = 0 and no imperfection in the
effective couplings (Gm± = 0), the blue curve (long dashes)
corresponds to n¯ = 25 and Gm± = 0, and the red curve
(short dashes) corresponds to n¯ = 25 and Gm± = 0.5G±.
Only one solid black curve and one dashed blue curve is
shown in (a) since the occupations of the two Bogoliubov
modes are the same in each of these cases. The black
curves with long/short dashes correspond to bounds on
these quantities for the scheme in which only one Bogoli-
ubov mode is cooled [8], assuming a thermal occupation
of n¯ = 0: the curve in (a) is a lower bound on the occu-
pation of the uncooled Bogoliubov mode, while the curve
in (b) is an upper bound on the purity of the steady-state
in this case. Remaining parameters for each curve are as
given in the caption of Fig. 3.
entanglement criterion, the entanglement may be
quantified via the logarithmic negativity, defined in
App. B 1. Both are shown, as functions of the drive
asymmetry G+/G−, in Fig. 3. In Fig. 3(a), it is
seen that the Duan quantity takes a value below one
for experimentally reasonable parameters, achievable
in state-of-the-art microwave cavity optomechanics
experiments [12–14], indicating that the mechanical
oscillators are entangled in the steady-state. This
continues to be the case even when one accounts for
large non-zero initial thermal occupations and large
imperfections in the effective couplings. Further, the
logarithmic negativity, shown in Fig. 3(b), takes a
large value for these parameters. For comparison,
the logarithmic negativity of a stationary two-mode
squeezed state generated via a Hamiltonian paramet-
ric amplifier interaction is bounded above, due to a
stability constraint, by EN = ln 2 ∼ 0.69.
As previously noted [8, 18], the entanglement goes
through a maximum as a function of the drive asym-
7metry. For the mechanical steady-state to be highly
entangled we require both that the target steady-
state is highly squeezed (r large, requiring G+/G− →
1) and that the system is effectively cooled towards
this steady-state (Γ large, requiring G+/G− → 0).
Obviously, these limits are incompatible and the op-
timal asymmetry is between these, leading to the ob-
served maximum.
Given the simple analytical results we have ob-
tained, we may optimise the steady-state entangle-
ment analytically by minimizing the Duan quantity
over the drive asymmetry. This is most conveniently
done using Eq. (29b). We find that the optimal drive
asymmetry is
G+
G−
∣∣∣∣
opt.
= 1 +
1 + n¯
C−
−
√
1 + 1/C−
C−
(31a)
∼ 1− 1√
C−
. (31b)
The result (31b) holds in the large-cooperativity
limit, provided that one is still within the adiabatic
regime. It follows that the Duan quantity (28), to
first-order in C−1− , is
〈Xˆ2+〉+ 〈Pˆ 2−〉 =
1 + n¯√
C−
+
n¯(1 + n¯)
C−
. (32)
Clearly, the mechanical oscillators are entangled even
for a modest cooperativity. We emphasize these re-
sults are only valid in the adiabatic limit, correspond-
ing to C− ≤ 4κ/γ. The achievable entanglement
beyond the adiabatic regime shall be discussed in
Sec. VI.
B. Purity
The purity of the steady-state generated is rele-
vant for both experiments in quantum foundations
and in quantum information processing; its role in
determining teleportation fidelity shall be described
in Sec. V C. Now, the fact that the steady-state is
highly-entangled does not necessarily imply that the
steady-state is highly-pure. Indeed, if one cools only
one Bogoliubov mode then the steady-state is highly-
entangled, but also highly impure [8]. The purity of
the mechanical two-mode steady-state is defined as
µ ≡ tr(ρ2), (33)
where ρ is the density matrix of the two mechani-
cal modes. It can be directly evaluated from knowl-
edge of its symmetrically-ordered covariance matrix
V. With quadratures as defined in Eqs. (27) and
the covariance matrix expressed in the ordered basis
(Xˆa, Pˆa, Xˆb, Pˆb), the purity is simply given by
µ = 1
/(
4
√
det V
)
. (34)
The purity may also be assessed by calculating the
thermal occupations of the two mechanical Bogoli-
ubov modes, defined in Eqs. (3a) and (3b).
Plots of both quantities, against the drive asym-
metry G+/G−, are shown in Fig. 4. From Fig. 4(a)
it is clear that the occupations of the two Bogoli-
ubov modes are the same provided that the imper-
fections in the effective couplings, Eqs. (15) and (21),
are zero. Further, the occupations are close to zero
for reasonable parameters, verifying that our scheme
effectively cools both Bogoliubov modes. The pu-
rity of the state is correspondingly high, being close
to one for reasonable experimental parameters, see
Fig. 4(b), and so out-performing a scheme in which
only one Bogoliubov mode is cooled [8].
In the absence of effective coupling imperfections,
we can obtain simple analytical results characterizing
the purity of the steady-state. The occupations of
the Bogoliubov modes in the limit γ/Ω→ 0 (and for
G− 6= G+) are
〈βˆ†i βˆi〉 =
γ
γ + Γ
[
n¯+ (2n¯+ 1) sinh2 r
]
(35a)
=
γκ
γκ+ 4(G2− −G2+)
[
G2+ + n¯(G
2
− +G
2
+)
G2− −G2+
]
,
(35b)
for i = 1 and 2, consistent with the result for single-
mode squeezing in Ref. 18. Again, it is clear that
both Bogoliubov modes are cooled equally. The pu-
rity itself, in the limit γ/Ω→ 0, is given by
µ =
(γ + Γ)
2
[γ(1 + 2n¯) + Γ]
2
+ 4(1 + 2n¯)γΓ sinh2 r
.
(36)
The purity at the entanglement maximum, in the
large-cooperativity limit, is µ ∼ 1/[2(1 + n¯)].
However, a highly-pure (and still highly-entangled)
steady-state can be achieved by choosing a drive
asymmetry just below that corresponding to the op-
timal entanglement (as this gives a large Γ and hence
more cooling, at the expense of a smaller squeeze pa-
rameter r).
C. Teleportation fidelity
The two-mode squeezed state generated here may
be regarded as the entangled resource (“EPR chan-
nel”) in a continuous-variable teleportation proto-
col [19]. If we write the steady-state two-mode
symmetrically-ordered covariance matrix, in the or-
dered basis (Xˆa, Pˆa, Xˆb, Pˆb), in block form as
V =
[
Va Vab
VTab Vb
]
, (37)
then the teleportation fidelity for a single-mode
Gaussian input state under the standard protocol is
8FIG. 5: (Color online) (a) Effective thermal occupa-
tions for each mechanical mode in the steady-state, in-
troduced in Eq. (39), against the drive asymmetry. (b)
The teleportation fidelity, using the generated mechani-
cal steady-state as an EPR channel to teleport a coherent
state via the standard protocol, against the drive asym-
metry. The solid black curves correspond to a mechani-
cal bath thermal occupation of n¯ = 0 and no imperfec-
tion in the effective couplings (Gm± = 0), the blue curves
(long dashes) correspond to n¯ = 25 and Gm± = 0, and
the red curves (short dashes) correspond to n¯ = 25 and
Gm± = 0.5G±. The black curve with long/short dashes
on the left is the lower bound on the occupation of the
uncoupled mode in a scheme that cools one Bogoliubov
mode [8]. The black curve with long/short dashes on the
right is the teleportation fidelity achievable with such a
scheme. The upper (lower) dotted purple curve is the
upper (lower) bound on the optimal teleportation fidelity
achievable for a given amount of entanglement. The given
amount of entanglement corresponds to that possessed
by a two-mode squeezed state with squeezing parameter
r = tanh−1 (G+/G−), c.f. Eq. (9b). Remaining param-
eters for each solid curve are as given in the caption of
Fig. 3.
given by [39]
F = 1√
det(2Vin + N)
, (38a)
N = σzVaσz + σzVab + V
T
abσz + Vb, (38b)
where Vin is the covariance matrix of the state to be
teleported. For the teleportation of a coherent state
this is Vin = (1/2)I2.
We find that the mechanical steady-state in our
system, in the limit γ/Ω→ 0, is a thermal two-mode
squeezed state. Such a state is defined by
ρ ≡ Sˆ2(ξ)
(
ρath ⊗ ρbth
)
Sˆ†2(ξ), (39)
where ρ
a(b)
th denotes the density matrix of a ther-
mal state of mode a(b) with occupation n¯
a(b)
th , and
Sˆ2(ξ) is the two-mode squeezing operator introduced
in Eq. (6). Accordingly, we can assign effective oc-
cupations, n¯
a(b)
th , and an effective two-mode squeez-
ing parameter, ξ, to our steady-state, as detailed in
App. B 2. Now the purity of such a state is simply
µ =
1
(1 + 2n¯ath)(1 + 2n¯
b
th)
, (40)
and the teleportation fidelity, based on a thermal
two-mode squeezed state channel, is [39]
F = 1
e−2ξ(1 + n¯ath + n¯
b
th + e
2ξ)
. (41)
Clearly, larger effective occupations correspond to a
lower purity and a lower teleportation fidelity.
It is known that when the channel of a continuous-
variable teleportation protocol is a symmetric ther-
mal two-mode squeezed state (n¯ath, n¯
b
th ≡ n¯th), the
teleportation fidelity is simply [20]
F = 1
1 + e−EN
, (42)
where the logarithmic negativity is given by EN =
Max [0, 2ξ − ln(1 + 2n¯th)]. Eq. (42) actually gives
the optimal teleportation fidelity achievable for a
given amount of entanglement [20]. Asymmetry re-
sults in a teleportation fidelity below that given by
Eq. (42).
The effective thermal occupations for our steady-
state (n¯ath and n¯
b
th), as a function of the drive asym-
metry, are shown in Fig. 5(a). It is clear that
n¯ath = n¯
b
th provided that the imperfections in the ef-
fective couplings are zero. Accordingly in these cases,
the teleportation fidelity is given by Eq. (42) and so
attains its optimal value for a given amount of en-
tanglement.
Consider now the case of an asymmetric channel,
n¯tha 6= n¯thb ; this is generically the kind of state pro-
duced using a scheme which cools only a single Bo-
goliubov mode [8]. For such states the standard tele-
portation protocol does not achieve the fidelity in
Eq. (42). This fidelity can be reached in principle
in the highly-entangled regime, if one goes beyond
the standard protocol by allowing for additional lo-
cal Gaussian operations [40].
The teleportation fidelity, assuming that the me-
chanical steady-state we have generated is used as
an EPR channel and assuming no other sources of
imperfection, is plotted as a function of drive asym-
metry in Fig. 5(b). Crucially, by cooling both Bo-
goliubov modes the optimal teleportation fidelity
tends to 1 rather than to 4/5 in the highly-entangled
regime. Further, this upper bound is achievable with
reasonable parameters.
D. Coherent feedback
The reservoir engineering scheme that we have de-
scribed here permits an alternative interpretation in
9terms of coherent feedback [17], similar to that pro-
vided for the squeezing scheme in Ref. 18; we depict
the process schematically in Fig. 6. The Hamilto-
nian (8) can be rewritten in terms of the collective
mechanical quadratures of Eqs. (26a) and (26b) as
Hˆ = Ω
(
Xˆ+Xˆ− + Pˆ+Pˆ−
)
+
√
2(G− +G+)Xˆ+Xˆc
+
√
2(G− −G+)Pˆ+Pˆc + Hˆdiss. (43)
This Hamiltonian is a perturbation, via the third
term, of a Hamiltonian that we previously studied
in the context of two-mode back-action-evading mea-
surement and feedback control [5]. From a coherent
feedback point of view, the second term in Eq. (43)
may be regarded as the “measurement” interaction
and the third term in Eq. (43) may be regarded as
the “feedback” back-action, applied autonomously
via the cavity mode.
FIG. 6: (Color online) Representation of the reservoir
engineering scheme of Figs. 1 and 2 as a form of coherent
feedback, with the feedback (back-action) being applied
autonomously via the cavity mode. The description is in
terms of the collective mechanical quadrature operators
introduced in Eqs. (26a) and (26b). (a) There is a mea-
surement of Xˆ+ via the cavity at a rate ∼ (G−+G+) and
a feedback onto Xˆ+ via the cavity at a rate ∼ (G−−G+).
The measurement rate being greater than the feedback
rate leads to squeezing. (b) There is a measurement of
Pˆ+ via the cavity at a rate ∼ (G− −G+) and a feedback
onto Pˆ+ via the cavity at a rate ∼ (G− +G+). The feed-
back rate being greater than the measurement rate leads
to amplification.
After an adiabatic elimination of the cavity mode,
the Heisenberg-Langevin equations corresponding to
the Hamiltonian (43) may be written as
d
dt
~X = A0 · ~X + B1 · ~Xin + B2 · ~Yin, (44)
where ~X = (Xˆ+, Pˆ+, Xˆ−, Pˆ−)T is the vector of me-
chanical collective quadrature observables, ~Xin is the
corresponding vector of mechanical input noises, and
~Yin ≡ [Yˆ1(t), Yˆ2(t)]T are the operators associated
with the cavity input noise. The remaining matri-
ces in Eq. (44) are specified in App. C 1. The new
noise input operators have the correlation functions
〈Yˆ1(t)Yˆ1(0)〉 = 1
2
G− −G+
G− +G+
δ(t) ≡
(
n¯1 +
1
2
)
δ(t),
(45a)
〈Yˆ2(t)Yˆ2(0)〉 = 1
2
G− +G+
G− −G+ δ(t) ≡
(
n¯2 +
1
2
)
δ(t),
(45b)
where n¯1 and n¯2 denote effective thermal occupations
of the noise inputs. Clearly, the input noises seen by
the collective mechanical quadratures are weighted
by the ratios of the measurement and feedback rates.
Since we have G− > G+ ≥ 0 here, the effective oc-
cupation n¯1 is negative [18]. Therefore, as far as
the collective quadrature Xˆ+ is concerned, the cav-
ity behaves as a squeezed bath and therefore X¯+ will
be squeezed in the steady-state [34]. Conversely, n¯2
is positive and the collective quadrature Xˆ− will be
anti-squeezed in the steady-state.
VI. FULL SYSTEM
A. Solution with time-independent
Hamiltonian
In Sec. V we calculated the steady-state of our sys-
tem in the adiabatic limit, after mathematically re-
moving the cavity mode from the system. Even with
the cavity mode retained, the effective Hamiltonian
(8) is quadratic and time-independent, and we may
readily solve for the steady-state. The Heisenberg-
Langevin equations corresponding to (8) may be
written as the system
d
dt
~X = A0 · ~X + B0 · ~Xin, (46)
where ~X = (Xˆa, Pˆa, Xˆb, Pˆb, Xˆc, Pˆc)
T is defined in
terms of individual oscillator quadratures, and the
matrices are specified in App. C 2. The steady-state,
symmetrically-ordered covariance matrix V is ob-
tained by solving the Lyapunov equation,
A0V + VA
T
0 = −B0BT0 . (47)
Solving Eq. (47) allows us to assess the steady-state
even when we are not in the adiabatic limit, and to
validate results obtained in the adiabatic limit. As
before, knowledge of the covariance matrix allows the
evaluation of entanglement, purity and fidelity mea-
sures. The analytical results are easily obtained but
sufficiently complicated that we do not quote them
here, while the numerical results coincide with those
previously obtained in the adiabatic limit.
B. Solution with time-dependent Hamiltonian
The results of Sec. VI A are still only valid pro-
vided that we are justified in making a rotating-
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FIG. 7: (Color online) The effects of counter-rotating contributions to the Hamiltonian, described in detail in App. D,
on the entanglement and purity of the mechanical two-mode steady-state under four-tone driving. The plots show (a)
the Duan quantity, (b) the logarithmic negativity, (c) the occupations of the Bogoliubov modes, and (d) the purity, as
functions of the drive asymmetry. The solid black curve corresponds to the time-independent Hamiltonian (8), while
the other curves correspond to cases where counter-rotating effects are significant. The blue curve (long dashes) is for
δ/κ = 0.5, the red curve (short dashes) is for ω1/κ = 5, and the purple curve (long/short dashes) is for ga/gb = 1.5.
Although it is possible for counter-rotating contributions to have a significant effect on these measures, it should also be
possible to achieve sufficiently high sideband resolution that their effects may be neglected. Note that under two-tone
driving we typically have ga = gb and always have δ = 0; the effect of the parameter ωm/κ in that case is comparable
to the effect of the parameter ω1/κ in the four-tone driving case. Parameters, unless otherwise specified, for each
curve are δ/κ = 1, ω1/κ = 100 and d = 1. The parameters common to each curve are n¯ = 0, G
m
± = 0, C− = 1200,
κ = 2pi × 1.592× 105 Hz = 106 s−1, γ/κ = 4× 10−5, and Ω/κ = 0.1.
wave approximation; that is, in discarding the time-
dependent (“counter-rotating”) contributions that
arise in the derivation of the Hamiltonian (8). Here
we account for these time-dependent contributions;
the exact forms that they take are given in App. D 1.
The corresponding contributions to the Heisenberg-
Langevin equations can be handled by making the
replacement A0 → A(t) in Eq. (46), where the time-
dependent drift matrix is given by
A(t) = A0 +
N∑
k=1
(
Ak+e
+2iδkt + Ak−e−2iδkt
)
. (48)
For the case of two-tone driving (10), N = 1 and
δ1 = ωm. For four-tone driving (16) we have N =
4 and δ1 = δ, δ2 = ωb + Ω, δ3 = ωm, and δ4 =
ωa−Ω; see Fig. 2 and recall that δ was introduced in
Eq. (23). The first of these contributions is due to the
second drive on the same side of the cavity resonance
frequency, while the remaining contributions are due
to the drives on the other side of the cavity resonance
frequency. The matrices Ak± are given in App. D 2.
Given that the drift matrix (48) is now time-
varying, the covariance matrix V(t) is given by solu-
tion of the Lyapunov-like differential equation,
V˙ = AV + VA† + B0BT0 . (49)
The covariance matrix will be oscillatory in the long-
time limit; we seek the dc component of its solu-
tion. The direct numerical solution of Eq. (49) is
inefficient, so instead we use an ansatz to obtain an
approximate numerical solution [41]. The procedure
used is outlined in App. D 3.
C. Effects of counter-rotating terms
The effects of the counter-rotating Hamiltonian
contributions on the entanglement and purity of the
steady-state are shown in Figs. 7 and 8. Fig. 7 shows
these as functions of drive asymmetry, while Fig. 8
shows the two-mode squeezing (entanglement), opti-
mized over the drive asymmetry, as a function of the
cooperativity parameter C−.
From Fig. 7 it is clear that there is a degradation
in the entanglement and purity measures as the fre-
quency of the counter-rotating terms is lowered. This
is unsurprising since the form of the time-dependent
Hamiltonian contributions, detailed in App. D 1, de-
part from the ideal form of Eq. (7). However, the
same overall behaviour in the entanglement and pu-
rity is observed; that is, a maximum in the entangle-
ment and a monotonic decrease in the purity.
The rotating-wave approximation results coincide
with the full time-dependent Hamiltonian results in
the limit that all counter-rotating frequencies greatly
exceed the cavity decay rate; that is, all |δk|  κ.
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FIG. 8: (Color online) Mechanical two-mode squeezing
as a function of the cooperativity parameter C−, intro-
duced in Eq. (30), for a range of sideband resolutions
ωm/κ. The results are presented for the case of two-tone
cavity driving with the single-photon optomechanical
coupling rates being equal, ga = gb (that is, no imperfec-
tion in the effective coupling rates). The quantity plotted
is the two-mode squeezing in dB, defined by TMS (dB) ≡
− log10
[(
〈Xˆ2+〉+ 〈Pˆ2−〉
)
/
(
〈Xˆ2+〉+ 〈Pˆ2−〉
)
0
]
, with both
the numerator and denominator being instances of the
Duan quantity of Eq. (28). At each value of the co-
operativity parameter C−, the Duan quantity is min-
imised over the effective coupling asymmetry G+/G−.
The curves are shown for: a rotating-wave approximation
(solid black curve) meaning that the sideband resolution
is effectively infinite; ωm/κ = 10
3 (blue curve with long
dashes); ωm/κ = 10
2 (purple curve with short dashes);
ωm/κ = 10 (red curve with long/short dashes). In the
case of four-tone cavity driving the behaviour of the two-
mode squeezing as a function of ω1/κ is similar to the
behaviour seen here as a function of ωm/κ. The other
parameters are as specified in the caption of Fig. 7.
With the parameters chosen, counter-rotating effects
become significant at δ/κ ∼ 0.5 and ωa/κ ∼ 5; these
correspond to modest sideband resolutions. It should
be possible to significantly exceed this resolution and
therefore largely avoid the effects of counter-rotating
terms. The ratio δ/κ can be reduced further than the
ratio ωa/κ without significant deleterious effects due
to the distinct manner with which the corresponding
contributions enter the full time-dependent Hamil-
tonian. Provided that the asymmetry in the single-
photon optomechanical coupling rates is small, the
effective couplings associated with the terms rotating
at ±2δ are not exponentially enhanced in the large-
r limit, while those oscillating at ±2ωa, ±2ωm and
±2ωb are exponentially enhanced; see Eq. (D3).
Note that with counter-rotating terms included,
the entanglement and purity of the mechanical
steady-state depend on the asymmetry in the single-
photon optomechanical coupling rates, even if there
are no imperfections in the effective couplings. This
is in contrast to the results obtained with the time-
independent Hamiltonian (8). As seen in Fig. 7, this
asymmetry leads to a significant degradation in en-
tanglement and purity measures if the imperfection
is around ∼ 50% of the effective coupling. Again,
it should be possible to engineer the optomechanical
system such that the asymmetry is much lower than
this value, and the corresponding deleterious effects
are negligible.
The behaviour of the optimised mechanical two-
mode squeezing as a function of the cooperativity
parameter C− is shown in Fig. 8. Even neglecting the
effects of counter-rotating terms, the achievable two-
mode squeezing (entanglement) plateaus in the large-
cooperativity limit. For a finite sideband resolution,
however, the squeezing goes through a maximum as
a function of the cooperativity, with the maximum
occurring at a lower value of the cooperativity pa-
rameter as the sideband resolution is decreased. Un-
surprisingly, the discrepancy between the RWA result
and the full result increases as the sideband resolu-
tion is reduced. Note, however, that these discrepan-
cies become significant only at very large values of the
cooperativity parameter. Also note that in the large-
cooperativity limit it is possible for the dynamics as-
sociated with the full time-dependent Hamiltonian
to be unstable where the dynamics associated with
the corresponding time-independent Hamiltonian are
stable. However, this does not tend to be the case at
the optimal drive asymmetry. This potential for the
onset of an instability occurs at higher values of the
cooperativity than we have previously considered in
this work. Our results show that for high levels of
steady-state entanglement, the reservoir engineering
scheme discussed here is robust against realistic lev-
els of counter-rotating corrections.
VII. EXPERIMENTAL OBSERVABILITY
A. Output spectrum
From an experimental point of view, reconstruct-
ing the entire covariance matrix would be extremely
demanding. Even performing direct measurements
of both of the collective quadatures required for test-
ing the Duan criterion of Eq. (28) would be difficult.
However, one could perform a back-action-evading
measurement of the collective quadrature Xˆ+, and
take this as some evidence for the existence of two-
mode squeezing in the steady-state. Alternatively,
we can seek a signature of the mechanical entan-
glement in the cavity output spectrum. As usual,
the output spectrum is calculated by first solving the
Heisenberg-Langevin equations in the frequency do-
main. Taking the Fourier transform of Eq. (46) we
find
~X[ω] = −(A0 + iωI6)−1 ·B0 · ~X[ω], (50)
where ~X[ω] = (aˆ[ω], aˆ†[ω], bˆ[ω], bˆ†[ω], cˆ[ω], cˆ†[ω])T
and the matrices are given in App. C 3. The out-
put spectrum is calculated in the standard manner
[34] as
S[ω] =
∫
dt eiωt〈δcˆ†out(t)δcˆout(0)〉, (51)
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FIG. 9: (Color online) Cavity output spectra, as defined in Eq. (51), centred around detunings from the cavity
resonance frequency of (left panel) ω = −Ω and (right panel) ω = +Ω. The spectra are shown for the case (solid black
curve) without imperfections in the effective couplings (Gm± = 0), and for the cases G
m
±/G± = 0.3 (blue curve with long
dashes) and Gm±/G± = −0.3 (red curve with short dashes). Imperfections in the effective couplings lead to asymmetry
in the observed output spectra, see Eq. (53). In the absence of these imperfections, the steady-state mechanical
entanglement can be bounded based on a measurement of the output spectrum. The spectra are shown for a drive
asymmetry G+/G− = 0.9 and a cooperativity C− = 1200, while other parameters are n¯ = 0, κ = 2pi×1.592×105 Hz =
106 s−1, γ/κ = 4× 10−5 and Ω/κ = 0.1.
where the output cavity field is given by δcˆout =
cˆout − 〈cˆout〉 and cˆout = cˆin +
√
κcˆin.
We first calculate the spectrum assuming that
there are no imperfections in the effective couplings
(Gm± = 0) and ignoring time-dependent Hamiltonian
contributions; that is, with the effective Hamiltonian
(8). Then the cavity output spectrum, in the limit
γ/Ω→ 0, is given by
S[ω] = κ
32
[
G2−n¯+G
2
+(n¯+ 1)
]
γ
[
γ2 + 4(ω2 + Ω2)
]
|N(ω)|2 ,
(52)
whereN(ω) =
[
8G2 + (γ − 2iω)(κ− 2iω)] (γ−2iω)+
4Ω2(κ − 2iω). In the case Ω = 0 this reduces to
the result for a single mechanical oscillator [18]. As
shown in Fig. 9, the output spectrum exhibits peaks
at detunings around ±Ω from the cavity resonance
frequency. This corresponds to the drive photons
being scattered towards the cavity resonance, with
an energy ωa or ωb being provided by or extracted
from the mechanical oscillators. As the optomechan-
ical damping rate Γ is increased, the widths of the
spectral peaks increase and they are shifted to larger
detunings (for G−/G+ > 0), as expected.
If we now allow for the possibility of imperfec-
tions in the effective couplings, but still ignore time-
dependent contributions, the cavity output spectrum
is again readily obtained. The corresponding spectra
are also shown in Fig. 9. The general expression is
complicated, but at detunings of ±Ω we find
S[±Ω] = γκ (G− ±G
m
−)
2n¯+ (G+ ±Gm+)2(1 + n¯)[
G2− − (Gm−)2 −G2+ + (Gm+)2
]2 .
(53)
Clearly, the asymmetry in the spectral peaks is de-
termined by the imperfections, Gm±, in the effective
optomechanical couplings.
B. Bogoliubov modes
Knowledge of the cavity output spectrum can be
used to provide us with information about the oc-
cupations of the mechanical Bogoliubov modes. In
particular, neglecting imperfections in the effective
couplings and in the limit γ/Ω → 0, we can show
that the occupations of the Bogoliubov modes are
related to the integral of each peak in the output
spectrum by∫ 0
−∞
S[ω]dω =
∫ +∞
0
S[ω]dω
= 8piκ
G2
4G2 + κ(κ+ γ) 〈βˆ
†
i βˆi〉, (54)
for i = 1 or 2 (in this, and subsequent, expressions).
Therefore, from the output spectrum and knowledge
of the system parameters one can determine the oc-
cupations of the Bogoliubov modes. The same in-
formation can be obtained from the heights of the
spectral peaks, since (in the same limit) we also have
S[±Ω] = γκ+ 4(G
2
− −G2+)
G2− −G2+
〈βˆ†i βˆi〉. (55)
Note that Eqs. (54) and (55) only hold when the
imperfections in the effective couplings are less than
∼ 1%. A similar result to that of Eq. (54) was ob-
tained for a single mechanical oscillator [18], though
in that case the integration is over all frequencies.
C. Entanglement criterion
Now from Eqs. (54) and (55) it is clear that we can
estimate the occupations of the Bogoliubov modes
using the cavity output spectrum. Recall that the
simplest means of verifying the presence of mechani-
cal entanglement is via the Duan criterion, Eq. (28).
The task then is to bound the Duan quantity using
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our knowledge of the occupations of the Bogoliubov
modes.
Repeated application of the generalized Cauchy-
Schwarz inequality [18, 42], allows one to show that
|〈βˆ2i 〉| ≤ 〈βˆ†i βˆi〉 + 1/2. With the additional assump-
tion that 〈βˆ†1βˆ1〉 = 〈βˆ†2βˆ2〉, known to be true in the
absence of imperfections in the couplings and in the
limit γ/Ω → 0, we can bound the Duan quantity.
Explicitly, we find that
〈Xˆ2+〉+ 〈Pˆ 2−〉 ≤ 8e−2r
(
〈βˆ†i βˆi〉+ 1/2
)
. (56)
The parameter r is known from the drive asymmetry,
c.f. Eq. (9b). The Duan quantity and its bound con-
verge in the highly-entangled (large-r) regime, and
therefore we expect it to reliably indicate the exis-
tence of an entangled mechanical steady-state.
VIII. TWO CAVITY MODES, ONE
MECHANICAL OSCILLATOR
ωcωa
ωb
ωa
FIG. 10: (Color online) (a) Representation of a three-
mode optomechanical system composed of two cavity
modes (with resonance frequencies ωa and ωb), each inde-
pendently coupled by radiation pressure to a single me-
chanical oscillator (with resonance frequency ωc). (b)
The driving conditions, in terms of frequencies, that lead
to the linearised effective Hamiltonian (8) with the role
of the cavity and mechanical modes interchanged. The
cavity resonance frequencies are indicated by the blue
lines, while the driving tones are indicated by red lines.
The driving tones are placed symmetrically (at detunings
±ωc) about detunings of Ω from the cavity resonance fre-
quencies.
Thus far we have considered a three-mode optome-
chanical system composed of two mechanical oscilla-
tors coupled to one common cavity mode. It is of
considerable interest, particularly from the perspec-
tive of quantum information processing, to consider
the opposite scenario in which there are two cavity
modes coupled to a single mechanical oscillator [43–
46]. In particular, the ubiquity of optomechanical
couplings raises the possibility of entangling cavity
modes of vastly different frequencies (e.g. microwave
and optical modes). This three-mode optomechani-
cal system is depicted schematically in Fig. 10(a).
Now the Hamiltonian of the system is, c.f. Eq. (1),
Hˆ = ωaaˆ†aˆ+ ωbbˆ†bˆ+ ωccˆ†cˆ+ ga(cˆ+ cˆ†)aˆ†aˆ
+gb(cˆ+ cˆ
†)bˆ†bˆ+ Hˆdrive + Hˆdiss, (57)
where aˆ and bˆ describe two cavity modes, and cˆ de-
scribes the mechanical oscillator. We shall assume a
driving Hamiltonian of the form
Hˆdrive =
(Ea+e+iωct + Ea−e−iωct) e+i(ωa−Ω)taˆ
+
(Eb+e+iωct + Eb−e−iωct) e+i(ωb+Ω)tbˆ+ h.c.
(58)
That is, driving at ωa − Ω ± ωc and ωb + Ω ± ωc
for cavity modes aˆ and bˆ, respectively, as depicted
in Fig. 10(b). In an interaction picture defined
with respect to the Hamiltonian (4), the Hamilto-
nian (57) takes the form of the Hamiltonian (8) if
we set gaa¯+ = gbb¯+ ≡ G+ and gaa¯− = gbb¯− ≡ G−,
with a¯± and b¯± denoting the steady-state amplitudes
at the driven cavity sidebands. Thus we can re-
alize the same physics with the cavity modes that
we described previously for the mechanical modes,
including the possibility of generating highly-pure,
highly-entangled electromagnetic modes. As before,
this derivation relies on the assumptions that we are
operating in the resolved-sideband regime, that the
driving strengths at the driven sidebands are large,
and that the effects of counter-rotating terms are neg-
ligible. The deviations arising from abandoning any
of these assumptions, may of course, be calculated.
IX. CONCLUSIONS
We have provided a detailed proposal for con-
figuring a three-mode optomechanical system such
that the steady-state includes a highly-pure, highly-
entangled two-mode squeezed state. The generation
of both mechanical and electromagnetic two-mode
squeezed states has been described. The symme-
try of this steady-state makes it an attractive plat-
form for the implementation of continuous-variable
teleportation protocols. The proposal is efficient in
the sense that it requires only one driven auxiliary
mode to be configured as the engineered reservoir.
The problem of unequal single-photon optomechan-
ical couplings has been overcome by using a four-
tone driving scheme, and potential instabilities aris-
ing from counter-rotating terms have been accounted
for. A simple experimental signature for the presence
of mechanical entanglement, in terms of the cavity
output spectrum, has been provided. The proposal
described is implementable with existing technology.
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Appendix A: Derivation of Hamiltonian
We consider the three-mode optomechanical sys-
tem depicted in Fig. 1(a) and 2(a), and start from
the Hamiltonian (1) with the four-tone drive (16);
the scenario with the two-tone drive (10) shall be
treated as a special case. Moving into a rotating
frame with respect to Hˆ0 = ω1aˆ
†aˆ + ω2bˆ†bˆ + ωccˆ†cˆ,
recalling Eqs. (18a) and (18b), we obtain
Hˆ = Ω(aˆ†aˆ− bˆ†bˆ) + ga(aˆe−iω1t + aˆ†e+iω1t)cˆ†cˆ
+gb(bˆe
−iω2t + bˆ†e+iω2t)cˆ†cˆ+ Hˆdrive + Hˆdiss.
(A1)
The effective oscillation frequency Ω is chosen such
that Eqs. (22a) and (22b) are satisfied. The Heisen-
berg equations, neglecting noise terms, correspond-
ing to Eq. (A1) are
˙ˆa = −iΩaˆ− igae+iω1tcˆ†cˆ− γa
2
aˆ, (A2a)
˙ˆ
b = iΩbˆ− igbe+iω2tcˆ†cˆ− γb
2
bˆ, (A2b)
˙ˆc = −iga
(
aˆe−iω1t + aˆ†e+iω1t
)
cˆ− iE1+e−iω1t
−iE1−e+iω1t − igb
(
bˆe−iω2t + bˆ†e+iω2t
)
cˆ
−iE2+e−iω2t − iE2−e+iω2t − κ
2
cˆ. (A2c)
Assuming resolved-sideband operation (ωa(b)  κ),
we take the ansatz [36]
cˆ(t) = cˆ0(t) + cˆ1+(t)e
−iω1t + cˆ1−(t)e+iω1t
+cˆ2+(t)e
−iω2t + cˆ2−(t)e+iω2t. (A3)
Then substituting Eq. (A3) into the system (A2a)-
(A2c) and separating out the Fourier coefficients of
the cavity field we obtain the system:
˙ˆa = −iΩaˆ− iga
(
cˆ†1−cˆ0 + cˆ1+cˆ
†
0
)
− γa
2
aˆ− igae+2iδt
(
cˆ†2−cˆ0 + cˆ2+cˆ
†
0
)
−igae+2iω1t
(
cˆ†1+cˆ0 + cˆ1−cˆ
†
0
)
− igae+2iωmt
(
cˆ†2+cˆ0 + cˆ2−cˆ
†
0
)
, (A4a)
˙ˆ
b = iΩbˆ− igb
(
cˆ†2−cˆ0 + cˆ2+cˆ
†
0
)
− γb
2
bˆ− igbe−2iδt
(
cˆ†1−cˆ0 + cˆ1+cˆ
†
0
)
−igbe+2iωmt
(
cˆ†1+cˆ0 + cˆ1−cˆ
†
0
)
− igbe+2iω2t
(
cˆ†2+cˆ0 + cˆ2−cˆ
†
0
)
, (A4b)
˙ˆc0 = −igaaˆcˆ1− − igaaˆ†cˆ1+ − igbbˆcˆ2− − igbbˆ†cˆ2+ − κ
2
cˆ0
−iga
(
aˆcˆ2−e−2iδt + aˆ†cˆ2+e+2iδt
)− igb (bˆcˆ1−e+2iδt + bˆ†cˆ1+e−2iδt)
−iga
(
aˆcˆ1+e
−2iω1t + aˆcˆ2+e−2iωmt + aˆ†cˆ1−e+2iω1t + aˆ†cˆ2−e+2iωmt
)
−igb
(
bˆcˆ1+e
−2iωmt + bˆcˆ2+e−2iω2t + bˆ†cˆ1−e+2iωmt + bˆ†cˆ2−e+2iω2t
)
, (A4c)
˙ˆc1− = (−iω1 − κ/2)cˆ1− − igaaˆ†cˆ0 − iE1−, (A4d)
˙ˆc1+ = (iω1 − κ/2)cˆ1− − igaaˆcˆ0 − iE1+, (A4e)
˙ˆc2− = (−iω2 − κ/2)cˆ1− − igbbˆ†cˆ0 − iE2−, (A4f)
˙ˆc2+ = (iω2 − κ/2)cˆ1− − igbbˆcˆ0 − iE2+. (A4g)
Note that in writing out Eqs. (A4a)-(A4g) we have
retained fast-rotating terms only in Eqs. (A4a)-
(A4c). Solving Eqs. (A4d)-(A4g) for the steady-state
amplitudes of the field at the driven sidebands, as-
suming that the single-photon optomechanical cou-
plings are relatively small, we obtain the results of
Eq. (17).
Replacing the operator Fourier components at the
driven sidebands by their classical steady-state val-
ues, we can write down an effective (quadratic)
Hamiltonian for the system dynamics. If we neglect
fast-rotating terms in Eqs. (A4a)-(A4c), this Hamil-
tonian will be time-independent; the time-dependent
contributions to the effective Hamiltonian are given
in App. D 1.
With four-tone driving, the effective Hamiltonian
is (replacing cˆ0 → cˆ),
Hˆ = Ω
(
aˆ†aˆ− bˆ†bˆ
)
+ ga
[
(c¯1−aˆ+ c¯1+aˆ†)cˆ† + h.c.
]
+gb
[
(c¯2−bˆ+ c¯2+bˆ†)cˆ† + h.c.
]
+ Hˆdiss. (A5)
15
Assuming that the drives are matched according to
Eq. (19) and that the steady-state amplitudes in the
driven sidebands are real, we get the Hamiltonian (8)
with the effective couplings of Eq. (20). If there is an
imperfection (drive mismatch), then we have the ad-
ditional Hamiltonian contributions given by Eq. (14)
with the coupling imperfections given by Eq. (15).
With two-tone driving we have ω1 = ω2 = ωm, and
the appropriate effective Hamiltonian is now (A5)
with c¯k± replaced by c¯±, the driving strengths at
the frequencies ωc ± ωm. If the single-photon op-
tomechanical couplings are equal, then the effective
Hamiltonian is given by Eq. (8) where the effective
couplings are given by Eq. (12). Imperfections (un-
equal single-photon optomechanical couplings) lead
to additional contributions of the form of Eq. (14),
where the effective coupling imperfections are given
by Eq. (12).
Appendix B: Two-mode Gaussian states
1. Entanglement
The entanglement of a two-mode Gaussian state
may be quantified from its symmetrically-ordered co-
variance matrix, V, via the logarithmic negativity
[47–49]. Writing the covariance matrix as in Eq. (37),
the logarithmic negativity is given by
EN = max {0,− ln 2η} , (B1)
where η = 2−1/2{Σ(V) − [Σ(V)2 − 4det V]1/2}1/2
and Σ(V) = det Vb + det Va − 2 detVab.
2. Thermal two-mode squeezed state
An alternative method for characterising the me-
chanical two-mode state is obtained by noting that
the covariance matrix of our steady-state takes the
form of a thermal two-mode squeezed state [50], as
defined in Eq. (39). This state is described by three
parameters: a two-mode squeezing parameter ξ, and
the two initial thermal occupations, n¯ath and n¯
b
th. The
covariance matrix for the thermal two-mode squeezed
state, in the block form of Eq. (37), is
Va = caI2, Vb = cbI2, Vab = −cabσz, (B2)
where the coefficients are given by
ca(b) = (n¯
a(b)
th + 1/2) cosh
2 ξ + (n¯
b(a)
th + 1/2) sinh
2 ξ,
(B3a)
cab =
(
n¯ath + n¯
b
th + 1
)
sinh ξ cosh ξ. (B3b)
Appendix C: Heisenberg-Langevin equations
1. Collective quadratures
In the adiabatic limit and in terms of the collective
quadratures of Eqs. (26a) and (26b), the dynamics
of the two-mode mechanical system are described by
Eq. (44), with the matrices
A0 =
[
A+ A+−
A+− A−
]
, (C1a)
B1 =
[
B1+ B1−
B1+ B1−
]
, (C1b)
B2 =
√
Γ
[
I2
022
]
, (C1c)
including the components
A+ = −(γ/2 + Γ)I2, (C2a)
A− = −(γ/2)I2, (C2b)
B1± =
√
γ(1± l)/2I2, (C2c)
A+− =
[
−lγ/2 Ω
−Ω −lγ/2
]
, (C2d)
where l = (γa − γb)/(2γ) and γ = (γa + γb)/2.
2. Individual quadratures
The dynamics of the linearised, three-mode op-
tomechanical system, with Hamiltonian (8), are de-
scribed by Eq. (46). The system matrix is
A0 =
 Aa 022 Ca022 Ab Cb
Ca Cb Ac
 , (C3)
where 022 is the 2× 2 zero matrix, and
Aa =
[
−γa/2 Ω
−Ω −γa/2
]
, (C4a)
Ab =
[
−γb/2 −Ω
Ω −γb/2
]
, (C4b)
Ac = −(κ/2)I2, (C4c)
Ca =
[
0 G− −G+ −Gms
−G− −G+ +Gmd 0
]
,
(C4d)
Cb =
[
0 G− −G+ +Gms
−G− −G+ −Gmd 0
]
,
(C4e)
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with the short-hand notation, Gms = G
m
− + G
m
+ and
Gmd = G
m
− −Gm+ . The noise matrix is given by
B0 = Diag
(√
γa(n¯a + 1/2)I2,√
γb(n¯b + 1/2)I2,
√
κ/2I2
)
. (C5)
3. Individual mode operators
For the purpose of evaluating the cavity output
spectrum, it is more convenient to work in terms of
annihilation and creation operators, as in Eq. (50).
The corresponding matrices are
B0 = Diag
(√
γaI2,
√
γbI2,
√
κI2
)
, (C6)
while A0 is given by the block matrix form of
Eq. (C3), now with
Aa =
[
−iΩ− γa/2 0
0 iΩ− γa/2
]
, (C7a)
Ab =
[
iΩ− γb/2 0
0 −iΩ− γb/2
]
, (C7b)
Ca = i
[
−G− +Gm− −G+ −Gm+
G+ +G
m
+ G− −Gm−
]
, (C7c)
Cb = i
[
−G− −Gm− −G+ +Gm+
G+ −Gm+ G− +Gm−
]
, (C7d)
while Ac is still given by Eq. (C4c).
Appendix D: Counter-rotating contributions
1. Hamiltonians
In deriving the time-independent Hamiltonian (8)
we discarded fast-rotating terms; here we include
them. The full time-dependent Hamiltonian is
Hˆ(t) = Hˆ+ HˆCR, (D1)
where Hˆ is the time-independent effective Hamilto-
nian (8) and HˆCR is the time-dependent (“counter-
rotating”) contribution.
a. Four-tone Driving
With four driving tones (16) the time-dependent
part of the Hamiltonian (D1) is
HˆCR = ga
{
aˆ
[
c¯2−e−2iδt + c¯2+e−2iωmt
+c¯1+e
−2iω1t]+ aˆ† [c¯2+e+2iδt + c¯1−e+2iω1t
+c¯2−e2iωmt
]}
cˆ†
+gb
{
bˆ
[
c¯1−e+2iδt + c¯1+e−2iωmt
+c¯2+e
−2iω2t]+ bˆ† [c¯1+e−2iδt + c¯2−e+2iω2t
+c¯1−e+2iωmt
]}
cˆ† + h.c. (D2)
There are terms at four distinct oscillation frequency
magnitudes: the ±2δ terms are associated with the
two drives being on the same side of the cavity
resonance frequency, while the terms oscillating at
±2(ωa − Ω),±2ωm,±2(ωb + Ω) are associated with
two drives on opposing sides of the cavity resonance
frequency. In terms of Bogoliubov modes, the Hamil-
tonian (D2) may be written out as
HˆCR = Ge−2iδt
[
βˆ1cˆ
† (1/d+ (d− 1/d) cosh2 r)− βˆ†2 cˆ†(d− 1/d) cosh r sinh r]
+Ge+2iδt
[
βˆ2cˆ
† (1/d− (d− 1/d) sinh2 r)+ βˆ†1 cˆ†(d− 1/d) cosh r sinh r]
−G cosh r sinh r
{
βˆ1cˆ
†
[
e+2iω2t − e−2iω1t + 1
d
e+i(ω1+ω2)t − de−i(ω1+ω2)t
]
+βˆ2cˆ
†
[
e+2iω1t − e−2iω2t + de+i(ω1+ω2)t − 1
d
e−i(ω1+ω2)t
]}
+Gβˆ†1 cˆ†
[
cosh2 r
(
e2iω1t + dei(ω1+ω2)t
)
− sinh2 r
(
1
d
e−i(ω1+ω2)t + e−2iω2t
)]
+Gβˆ†2 cˆ†
[
cosh2 r
(
e2iω2t +
1
d
ei(ω1+ω2)t
)
− sinh2 r
(
de−i(ω1+ω2)t + e−2iω1t
)]
+ h.c., (D3)
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where the asymmetry in the single-photon optome-
chanical coupling rates is parametrized by
d ≡ ga
gb
. (D4)
b. Two-tone Driving
With two driving tones, as per Eq. (10), the time-
dependent contribution to the Hamiltonian (D1) is
HˆCR = G+
(
aˆ+ bˆ
)
e−2iωmtcˆ†
+G−
(
aˆ† + bˆ†
)
e+2iωmtcˆ† + h.c., (D5)
only containing fast-rotating terms oscillating at
|2ωm|.
2. Drift matrix
A time-dependent Hamiltonian (D1) leads to a
time-dependent drift matrix in the corresponding
Heisenberg-Langevin equations, see Eq. (46). The
drift matrix takes the form given in Eq. (48), and
we specify the coefficient matrices here. In writing
out these matrices it is useful to parameterize the
coupling imperfection by ε±, where
c¯1±
c¯2±
ε± ≡ gb
ga
. (D6)
Having both sets of drives matched according to
Eq. (19), and therefore no imperfection in the ef-
fective coupling, corresponds to ε± = 1. The drift
coefficient matrices, for the general case of four-tone
driving, are
A1+ =
1
2
 022 022 dM˜+022 022 N+/d
dM˜− N−/d 022
 , (D7a)
A2+ =
1
2
 022 022 022022 022 Q˜+
022 Q˜− 022
 , (D7b)
A3+ =
1
2
 022 022 dQ˜+022 022 Q+/d
dQ˜− Q−/d 022
 , (D7c)
A4+ =
1
2
 022 022 Q˜+022 022 022
Q˜− 022 022
 , (D7d)
where Ak− = A∗k+, 022 is the 2× 2 zero matrix and
we have introduced the notation
M˜± =
[
i(∓G˜−ε˜+ − G˜+ε˜−) G˜−ε˜+ − G˜+ε˜−
−G˜−ε˜+ − G˜+ε˜− i(∓G˜−ε˜+ + G˜+ε˜−)
]
,
(D8a)
N± =
[
i(±G−ε˜+ +G+ε˜−) G−ε˜+ −G+ε˜−
−G−ε˜+ −G+ε˜− i(±G−ε˜+ −G+ε˜−)
]
,
(D8b)
Q˜± =
[
i(−G˜−ε˜+ ∓ G˜+ε˜−) −G˜−ε˜+ + G˜+ε˜−
−G˜−ε˜+ − G˜+ε˜− i(G˜−ε˜+ ∓ G˜+ε˜−)
]
,
(D8c)
with Q± given by Q˜± with the replacement G˜± →
G±. The scalar tilde quantities are defined as
G˜± = G±ε±, (D9a)
ε˜± =
2(1 + ε±)
(1 + ε+)(1 + ε−)
. (D9b)
3. Time-dependent drift matrix: solution
Given the form of the drift matrix (48), we expect
the covariance matrix V, given by the solution of
(49), to be oscillatory in the long-time limit. We
approximate the solution via the covariance matrix
ansatz [41],
V(t) = V0 +
N∑
k=1
(
Vk+e
+2iδkt + Vk−e−2iδkt
)
.
(D10)
In general, the solution will contain harmonics of the
bare frequencies that appear in Eq. (48), as well as
their sum and difference frequencies. However, the
solution that we really seek is the DC component of
the covariance matrix, V0.
The equations of motion (46), with the drift matrix
(48), may be written in the frequency domain as
N∑
k=1
(
Ak+ ~X[ω − 2δk] + Ak− ~X[ω + 2δk]
)
+(A0 − iωI6) ~X[ω] = −B · ~Xin[ω] ≡ ~N [ω],
(D11)
where we have defined the Fourier transform
as F [ω] = ∫ +∞−∞ f(t) e−iωt dt. Now we form
the frequency-dependent state and noise vectors.
These are (2N + 1)−dimensional vectors where
N is the number of positive-frequency counter-
rotating terms in Eq. (48). The nth elements
are ~X[ω − 2δ|N+1−n| sgn (N + 1 − n)] and ~N [ω −
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2δ|N+1−n| sgn (N+1−n)], respectively. Subsequently
we can write the linear system
A¯[ω] · ~X[ω] = ~N[ω], (D12)
where
A¯[ω] =

A0 − i(ω − 2δN )I6 AN−
. . .
...
. . . A1−
AN+ . . . A1+ A0 − iωI6 A1− . . . AN−
A1+
. . .
...
. . .
AN+ A0 − i(ω + 2δN )I6

. (D13)
Introducing the noise correlation matrix
Φi,j [ω, ω
′] = 〈Ni[ω]N∗j [ω′] +N∗j [ω′]Ni[ω]〉/2 leads to
Φ[ω, ω′] = D0 δ[ω − ω′] +
N∑
k=1
(Dk+ δ[ω − ω′ − 2δk]
+Dk− δ[ω − ω′ + 2δk]) , (D14)
where the matrices are defined by: (D0)ii = BB
T ,
(Dn+)N+1−n,N+1 = (Dn+)N+1,N+1+n = BBT for
n ∈ {1, . . . , N}, and Dn− = DTn+. The indices refer
to 6× 6 blocks in the overall matrix.
Solving the linear system (D12) leads to
V[ω, ω′] = A¯−1[ω]Φ[ω, ω′]
(
A¯−1[ω′]
)†
. (D15)
We really want the 6× 6 central block which we de-
note V˜[ω, ω′]. This is given by
V˜[ω, ω′] = V˜0δ[ω − ω′]
+
N∑
k=1
(
V˜k+[ω]δ[ω − ω′ − 2δk]
+V˜k−[ω]δ[ω − ω′ + 2δk]
)
, (D16)
where we have the coefficients
V˜0[ω] =
[
A¯−1[ω]D0
(
A¯−1[ω]
)†]
6
, (D17a)
V˜k±[ω] =
[
A¯−1[ω]Dk±
(
A¯−1[ω ∓ 2δk]
)†]
6
.
(D17b)
The coefficients in Eq. (D10) follow from
V0 =
1
2pi
∫ +∞
−∞
V˜0[ω]dω, (D18a)
Vk± =
1
2pi
∫ +∞
−∞
V˜k±[ω]dω. (D18b)
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